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Quasi-stationary concentration principle for auto-wave processes
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Abstract

Quasi-Stationary Concentration (QSC) principle was used to study radical polymerization of vinyl monomers during reaction traveling front.
Based on the experimental results and numerical calculation of one-dimensional front it was shown that the reaction zone could be both narrow
and wide. Full and quasi-stationary problems were solved for different sets of kinetic and thermo-physical parameters typical for vinyl mono-
mers’ radical polymerization. Polymerization proceeds practically at a constant temperature for narrow-reaction-zone case as was shown by
comparing the dimensionless values of heat-wave velocities and the final temperatures. Hence, criterial conditions obtained for isothermal
polymerization permit to use QSC principle accurately.
� 2007 Elsevier Ltd. All rights reserved.
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Numerous experimental [1e13] and theoretical [14e25]
works concerning frontal radical polymerization of vinyl mono-
mers are quoted in literature. However, it should be specially
pointed out that the applicability of Quasi-Stationary Concen-
tration (QSC) principle has not been studied fully. This is
because, in the theory of frontal radical polymerization as well
as for the combustion and Self-Propagating High-Temperature
Synthesis (SHS) processes (besides the QSC principle) Frank-
Kamenecki method of the reaction zone narrowness [26] is often
used. At the same time, the net polymerization reaction order
exceeds one and the effective activation energies are relatively
low (40e80 kJ mol�1) while the reaction zone is not necessarily
narrow for frontal radical polymerization. However, for most
of combustion and SHS processes the reaction zone is narrow.
Consequently, for frontal polymerization, the temperature range,
in which the bulk of monomer-to-polymer conversion holds,
depends on a number of kinetic factors: on the reaction order
(vs. monomer and initiator), on the activation energy of the rate
constants of chain initiation and growth. Hence, for frontal
polymerization processes, either the narrowness of the reaction
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zone is in place and, actually, polymer is formed at constant
temperature (close to the temperature of limit heating), or it
forms at a different temperatures. Expectantly, accuracy of
quasi-stationary approximation is determined either by narrow
or wide reaction zones. Therefore, it is necessary to examine
temperature and conversion profiles quantitatively as before
studying the applicability of QSC principle for frontal radical
polymerization of vinyl monomers.

1. Conversion and temperature profile analysis

The equations describing temperature1 (T), initiator (I ),
monomer (N) as well as macro-radicals’ (R) concentrations
change during propagation of one-dimensional front of the
polymerization waves, could be described in the following
manner:

cr
vT

vt
¼ l

v2T

vx2
�Q

vM

vt
; ð1Þ

1 It is assumed that the thermo-physical characteristics do not depend on the

temperature and conversion level.
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�vI

vt
¼ fKiI; ð2Þ

�vM

vt
¼ KpRM; ð3Þ

vR

vt
¼ fKiI�KtR

2; ð4Þ

where c, r, and l denote thermal capacity, density and heat con-
ductivity coefficient, Q is the thermal effect of the reaction, f
is the effectiveness of initialization, the value of which is hence-
forth taken as equal to 1 for simplicity, x is the reaction coordi-
nate, and Ki ¼ Ki0expð�Ei=RgTÞ, Kp ¼ Kp0expð�Ep=RgTÞ,
Kt ¼ Kt0expð�Et=RgTÞ are the temperature dependences of
the rate constants of chains initiation, growth and bimolecular
chain rupture. Ki0, Kp0, Kt0, and Ei, Ep, Et are the preexponential
factors and the activation energies of the above-mentioned rate
constants correspondingly, Rg e universal gas constant. Ini-
tially, it is assumed that:

t ¼ 0; Tðx > 0Þ ¼ T0; I ¼ I0; M ¼M0; R¼ 0;

Tðx ¼ 0Þ ¼ Tl;
dT

dx

����
x¼þN

¼ 0:
ð5Þ

T0 is the initial temperature, Tl is the applied outer temperature
for the initiation of thermal wave, I0 and M0 are the initial con-
centrations of initiator and monomer.

The system of differential Eqs. (1)e(4) with conditions (5)
was solved numerically. We have used kinetic and thermo-
physical parameters, typical of the radical polymerization pro-
cesses of vinyl monomers [2,15,16,27e29].

Fig. 1 presents temperature profiles and conversion rate
change in the direction of the polymerization front. Apparently,
heating of the layers close to the reactor inlet part is due to an
outer heat source (Tl¼ 380 K), which leads to polymerization
in these layers.

As the polymerization proceeds, the evolved heat transmits
to adjacent layers where polymerization is initiated. Hencefor-
ward, outer heat source practically play no role in sustaining
the reaction within 2e3 cm from reactor inlet. Actually, from
this point on steady-state condition is established and propaga-
tion of the polymerization front proceeds due to exothermicity
of the polymerization reaction. Conversion, maximum heating
temperature and traveling velocity of the front remain un-
changed throughout the reactor length at steady-state condition.
During steady-state frontal polymerization, the conversion is
determined by the ‘‘burnout’’ of the initiator [2]. Comparison
of the curves 1 and 2 (Fig. 2) shows that the width2 of the reaction
zone (Dx

N
) is much smaller than the temperature change gap

(Dx
T

is determined for the steady-state frontal polymerization).
Actually, the bulk of monomer reacts close to limiting heating

2 For the reaction zone span and temperature change span it is customary to

calculate/consider the corresponding intervals by the front coordinate (x),

where the main conversion of the monomer (Dx
N

) takes place and the temper-

ature is changed from maximum value to the initial one (Dx
T
).
temperatures of reaction mixture. In this case, the reaction
zone is narrow and polymerization proceeds close to maximum
heating temperature.

The system of Eqs. (1)e(4) was numerically calculated to
study the influence of various kinetic parameters on the width

Fig. 1. The profiles of temperature change (a) and monomer concentration

(b) in the direction of the reaction front, t, s: 200(1), 800(2), 1600(3),

2400(4), 3000(5), 3600(6), I0¼ 10�2 mol l�1, M0¼ 10 mol l�1.

Fig. 2. The profiles of temperature change (1) and monomer concentration (2)

on the stationary section of the polymerization wave. The dotted lines show

the width of the monomer conversion zone (XM) and temperature change (XT).
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of reaction zone by varying the reaction rate constants, their
activation energy, monomer and initiator concentrations, as
well as the reaction order with respect to monomer and initiator.
Numerical calculation results show that the reaction zone virtu-
ally remains narrow during monomer and initiator concentra-
tions and rate constants change between reasonable limits. As
it was observed, the reaction zone widens when polymerization
effective activation energy decreases or when reaction order
with regard to monomer or initiator increases. As an example,
in Fig. 3, Dx

N
/Dx

T
ratio dependence on formal reaction order

(n) with regard to monomer is shown.
It could be seen that the reaction zone is narrow when n

equals 0 or 1. For n> 1, the reaction zone widens and poly-
merization proceeds at different temperatures. As a wide reac-
tion zone illustration, in Fig. 4, the profiles of the conversion
(curve 2) and temperature (curve 1) change are depicted. It
is apparent form Fig. 4 that Dx

N
and Dx

T
are commensurable

quantities.

Fig. 3. Dependence of XM/XT on the formal reaction order by monomer.

Fig. 4. Temperature (1) and monomer concentration profiles (2) with the

formal reaction order by monomer equal to 3.
2. Applicability and the criterial conditions of QSC
principle during isothermal polymerization

QSC principle applicability for isothermal radical polymeri-
zation of vinyl monomers presumes [30] that the rate of macro-
radicals’ concentration change is lower than the polymerization
rate, i.e. jdR/dtj< jdM/dtj. Hence, we could assume dR/dt¼ 0,
as:

dR

dt
¼ KiI�KtR

2: ð6Þ

Then for the quasi-steady concentration of macro-radicals
we have:

RQSC ¼
�

KiI

Kt

�1=2

: ð7Þ

At constant rate of initiation (KiI¼ constant) the solution of
Eq. (6) is as follows:

RðtÞ ¼
�

KiI

Kt

�1=2

$th
h
ðKiIKtÞ1=2

$t
i
: ð8Þ

From Eqs. (7) and (8) it follows:

RðtÞ
RQSC

¼ th
h
ðKiIKtÞ1=2

$t
i
: ð9Þ

Analysis of Eq. (9) shows that QSC principle works if average
life span of growing polymer chains (tch z 1/(KiIKt)

1/2) is
much shorter than the typical polymerization time (tp z 1/
K

r
RQSC¼ (1/K

r
)$(Kt/KiI )1/2), i.e. if tch< tp, and R(t)/

RQSC¼ 1. From tch< tp it follows that:

A1 ¼
Kt

Kp

[1; ð10Þ

which is a must for applying QSC principle. Here, if the poly-
merization initiation rate changes, it is additionally required
that the average life span of the growing macromolecules will
be much shorter than complete consumption of the initiator
(ti). Since ti w 1/Ki, from condition ti> tch we get:

A2 ¼
�

I$Kt

Ki

�1=2

[1: ð11Þ

Thus, QSC principle for the isothermal radical polymerization
of vinyl monomers works for simultaneous compliance of the
inequality conditions (10) and (11). Let us consider the QSC
principle for frontal radical polymerization processes.

3. Small parameter and physical criteria of applicability
of QSC principle

For the established steady-state frontal polymerization re-
gime, Eqs. (1)e(4) system with conditions (5) can be substituted
by a system of dimensionless variables, i.e. temperature (q), con-
version (a), concentration of macro-radicals (r) and initiator (i)
as follows:
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dq

dx
¼ u
½gðq� q0Þ � a�

g
; ð11Þ

da

dq
¼ uG40ðqÞð1� aÞr

Uðq;aÞ ; ð12Þ

dr

dq
¼ u

bh41ðqÞð1� iÞ �B42ðqÞr2

Uðq;aÞ ; ð13Þ

di

dq
¼ uh

41ðqÞð1� iÞ
Uðq;aÞ ; ð14Þ

u¼ g2

u2; Uðq;aÞ ¼ gðq� q0Þ � a;
q¼ q0; a¼ r ¼ i¼ 0;
q¼ qk; a¼ ak; r ¼ 0; i¼ 0;

ð15Þ

qk ¼ q0þ
ak

g
;

4jðqÞ ¼
�0 with«q0 � q� q0þ d

exp
�

Sjq

1þbq

�
¼ ½4ðqÞ�Sj with q> q0þd; j ¼ 0;1;2:

ð16Þ

Following notations are used in Eqs. (11)e(16):

q¼ Eef

RgT2
�
ðT� T�Þ; q0 ¼

Eef

RgT2
�
ðT0 � T�Þ; t¼ t

t�
;

x¼ x

x�
; x2

� ¼
lt�
cr
;

t� ¼
g

Kef exp
�
�Eef=RgT�

	
$M

1=2
0

; g¼ cr$bT�
QM0

;

b¼ RgT�
Eef

; a¼M0�M

M0

;

i¼ I0 � I

I0

; r ¼ R

M0

; b¼ I0

M0

; B¼ Kt0$exp



Eef �Et

RgT�

�
$
M

1=2
0

Kef

;

G¼ Kp0$exp



Eef �Ep

RgT�

�
$
M

1=2
0

Kef

; h¼ B

G2

¼ Ki0

Kef$M
1=2
0

$ exp



Eef �Ei

RgT�

�
; ð17Þ

S0 ¼
Ep

Eef

; S1 ¼
Ei

Eef

; S2 ¼
Et

Eef

; x¼ x0 þ u$t:

In Eqs. (11)e(17), qk¼ q(þN) and ak¼ a(þN) are the finite
values of dimensionless temperature and conversion; q0 is the

3 The procedure of cropping the heat generation function is connected with

the fact that the heat generation speed close to the initial temperature of the

environment T0 must be equal to 0. Otherwise, the thermal conductivity equa-

tion has no stationary solution.
initial temperature; T*, t*, and x* are some scaling variables of
temperature, time, and coordinate; u is the velocity of the front;
d is the piecewise heat generation source3; Kef, and Eef are the
effective polymerization rate constant and activation energy,
4j(q) ( j¼ 0,1,2) are continuous functions of q and S1> 1,
S1> S2.

In the given problem qk and a
l

are unknown values that must
be determined along with the traveling velocity of the front u.
This is what makes this problem somewhat different from the
conventionally studied ones.

Let’s recall Eqs. (11)e(16) problem as complete, and QSC
principle reduces the problem to quasi-stationary one, i.e.:

da

dq
¼ ub1=240ðqÞð1� aÞð1� iÞ1=2

Uðq;aÞ ; ð12aÞ

r ¼ 1

G
½b41ðqÞð1� iÞ=42ðqÞ�

1=2
; ð13aÞ

di

dq
¼ uh

41ðqÞð1� iÞ
Uðq;aÞ ; ð14aÞ

q¼ q0; a¼ i¼ 0;
q¼ qk; a¼ ak; i¼ 1:

ð15aÞ

The comparison of the set of Eqs. (12)e(15) and Eqs. (12a)e
(15a) shows that the quasi-stationary system Eqs. (12a)e(15a)
can be obtained from the full system Eqs. (12)e(15) as an as-
ymptotics with regard to small parameter (3), which is a multi-
plier to the derivative in Eq. (13). The set with a small
parameter could be obtained if, for example, G and B are pre-
sented in the form of G ¼ G=3 and B ¼ B=32, where 3< 1; and
the magnitudes of G and B are of the order of one. Introducing
the variable v¼ r/3 instead of the set of Eqs. (12), (13), and
(15), we will get:

da

dq
¼ u

G40ðqÞð1� aÞv
Uðq;aÞ ; ð18Þ

3
dv

dq
¼ ubh41ðqÞð1� iÞ �B42ðqÞv2

Uðq;aÞ ; ð19Þ

q¼ q0; a¼ v¼ i¼ 0: ð20Þ

As it was already mentioned, Eqs. (10) and (11) conditions
serve as criteria of applicability of QSC principle in isothermal
regime, where the rate constants Kt, Kp, and Ki are determined
at isothermal temperature. During non-isothermal conditions,
A1 and A2 are temperature dependant functions and could
change considerably. From Eq. (17) it follows that

G¼ A2ðT�Þ
b1=2

; B¼ A1ðT�ÞA2ðT�Þ
b1=2

; h¼ B

G2
:

During frontal polymerization, as T*, it is relevant to take tem-
perature which corresponds to maximum of heat evolution func-
tion, i.e. a temperature value when A1 and A2 usually are close to
minimal. Therefore, if conditions (10) and (11) are met, then the
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QSC method could give satisfactory approximation since G ¼
G=3, B ¼ B=32, 3< 1 throughout the whole temperature range
during polymerization.

4. The results of numerical calculation and the analysis of

Full and a quasi-stationary tasks were solved for different
sets of kinetic and thermo-physical parameters typical for
vinyl monomers’ radical polymerization. Traveling velocities
(dimensionless value) of the front (u) and final temperatures
(qk) have been compared. The discrepancy between the QSC
and full tasks is Du¼ 0.02% and Dq¼ 0.063%, if the reaction
zone is sustained narrow, where Du ¼ u� u0=u0,100%; Dq ¼
qk � qk0=qk0,100%. Here u, u0, and qk, qk0 are the velocities
and final temperatures for the full and quasi-stationary prob-
lems, respectively. It was assumed that 3 w 10�6 in dimen-
sionless set of equations. Further, the parameters were
changed in such a way that 3 took 10�4, 10�2 and 1 values.
The Du and Dq correspondingly equaled to 1.8% and 1.8%,
8% and 22%, 20% and 97%.

The dependences of Du and Dq on a number of kinetic pa-
rameters are shown in Figs. 5 and 6. From Fig. 5 (curves 1, 2)
it follows that Du increases insignificantly with the growth
of I0/M0 ratio, whereas Dq decreases. However, Du and Dq

depend on I0/M0 slightly to the extend that quasi-stationary
approximation deviation is 1% in the examined I0/M0 change
range.

Numerical calculations on the influence of activation energy
of initiator decomposition constants, growth and bimolecular
rapture of the chains at Du and Dq values have been performed.
Analysis of the obtained results show that quasi-stationary ap-
proximation gives good accuracy if Ei� (138e147) kJ mol�1,
irrespective of Ep and Et, However, if Ei< 138 kJ mol�1, then
approximation accuracy decreases at Eef� 75 kJ mol�1. For
instance, Fig. 6 presents the influence of S1 on Du and Dq at
Ei¼ 126 kJ mol�1. It could be seen that for S1� 1.5e1.6,
then Du and Dq slightly depend on S1, whereas Du and Dq

increase considerably at S1> 1.6.
Actually, the reaction zone is narrow when the solutions of

the full and quasi-stationary problems coincide with sufficient

Fig. 5. Dependence of (1) and (2) on parameter b.
accuracy. Under these conditions, the polymerization proceeds
close to maximum heating temperature, i.e. monomer con-
sumption obeys to isothermal conditions.

Analysis of temperature and conversion profiles shows that
beginning with Eef� 75 kJ mol�1, widening of the reaction
zone is observed, which increases the relative deviations Du
and Dq (Fig. 6).

Apart from kinetic Eqs. (1)e(4), the kinetic model of poly-
merization was studied numerically. Here, reaction order with
regard to M was formally increased in Eq. (3) i.e. �dM=dt ¼
KpRMn, where n¼ 2, 3. Options for n¼ 2, 3 with the same
kinetic and thermo-physical parameters as in the case of
Eqs. (12)e(15) were also considered. Actually, 3 increases
with the increase of n in the non-dimensional system of Eqs.
(12)e(15), which directly have influences on Du and Dq

(Fig. 7). The analysis of temperature and conversion profiles
shows also that augmentation of relative deviations (Du and
Dq) is accompanied by the widening of the temperature span
where monomer is consumed.

Thus, numerical calculation of vinyl monomers’ frontal
radical polymerization and the analysis of the obtained results
permit to conclude that for narrow-reaction zones the QSC
principle could be applied with high accuracy meeting

Fig. 6. Influence of parameter S1 on (1) and (2).

Fig. 7. Dependence of (1) and (2) on the formal reaction order by monomer.
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conditions (10) and (11). For wide reaction zones, (10) and
(11) inequalities worsen which affects the accuracy of quasi-
stationary approximation. In such cases, it is necessary to
carry out additional investigations concerning the applicability
of QSC principle, which is the purpose of our subsequent
studies.
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